#3 Appllcaunns {:-f Derivatives

. Ana!_’ys;s of Curves

L. Increasing and Decreasmg (3.3}
- Let f be a continuous and differentiable function on a given interval
_ A function is increasing on an interval if *(x) is positive for all x on that interval
A function is decreasing on an interval if *(x) is negative for all x on that interval
A function is constant on an interval if ’(x) is zero for all x on that interval

II. Concavity (3.4)
- a function is concave up if it’s graph opens upwards
" *hint: could hold water
- a function i$ concave down if it’s graph opens downwards
*hmt could nnt hcuid water : .

- Testing for Concavi 1t3,F ¥ :
- a function is concave up on an interval if £'(x) is p{:-SItwe forall x in ﬂlat
interval
- a function is concave down on an interval if f”(x} is negative for all x in
‘that interval
- we know nothing about a function if £°(x) is zero

~ Concave up Concave down
i st H 1iEE i ] :

Example o
Determine the open intervals on which the graph of fi{x) = ﬁx{x + 3) is concave upward

and downward.

Solution:
1) First make sure that the function is continuous on the entire real line
2) Find the second derivative of the function

a. Rewrite the original function fix) = 6(x* + 3)
b. Differentiate fix) =-12x/(x* + 3%
c. Differentiate again f(x) = 36(x*-1)/ (x* + 3¥

3) Set the second derivative equal to zero to find inflection points
x=-1 and +1



4) Test £°(x) for the intervals (- infinity, -1), (-1,1), and (1, mfnm} and make a
table showing the results

Interval e Inﬁmt}'<x< 1 -1<x<l1 1 <x < infinity
Test Value x=-2 x=0 x=2

Sign of £’ (x) £'(-2)>0 1 ({0)<0 °(2) >0
Conclusion Concave upward Concave downward Concave upward

1II. Monotonicity (9.1)

- a function is monotonic if its terms are all nondecreasing or nonincreasing

- a function is strictly monotonic if its terms are all increasing or all decreasing
Example
Determine whether each sequence having the given nth term is monotonic

8.3, =3+CD" T bb=20/(1+n) e nU2— 1)

Solution:
a. This sequence alternates between 2 and 4. Therefore it is not monotonic. -
b. This sequence is monotonic because each term is greater than the one before it.
‘This can be seen if one compares the terms bato bg.i. '
¢. This sequence is not monotonic because the second term is greater than both the
first and third terms. However if the first term was ignored, this sequenee Would
be monotonic.

. Planar Curves

1. Parametric form (10.2-10. 3} :
A) Definition . o s
-a planar curve is a pmr ef parametne equanens and the1r graph

x = f{t) - where t = parameter
=gt} .
B) Derueatnes in parametric ferm S
-~ the slope (velocity) at (x, y) is

dy

dy dr
de = dx

-85

- the second derivative (acceleration at (x, y) is




_..5) When t =4, the second denvatne is 3(4} =12>0

B
e
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e
-

Example
For the curve given by

2 P }’=%(1’2 -4)

find the slope and concavity at the point (2, 3)

Solution:
1) ﬁnd the first derivative in paramem-:; fmm -

ﬁ()

C oy [ |=
) e
N\ dt
2) Find the second derivative in pafametrie form

d2y ( ) ()_ 3.3

ax? = & 1Yy =
= dr -2. $ 2 .
3) Using the original equations, v.e see that t=4 at (2,3}

4) Therefore the slope is (4)** =

Therefore the graph 15 concave upward at (2,3)
L Polar form (10.4- 10.5)

A) Definition -

- polar form uses an angle measurement and a radius length to plot points

and graphs on the polar coordinate system : e

r=f(0)

B} Converting from rectangular coordinates to polar coordinates
1. x =rcosf ¥ = rsinf
2. tan®=y/x r=x'+y

C) Derivatives in polar form
-the slope (velocity) is



. (#(8)cosh + F()sind)
= (- (8)sin@ + f(0)cost)

Example
Find the horizontal and vertical tangent lmes ofr=sind, 0<b<m
Solution: co
1. Write the equation in parametric form.
X = rcos8 = sinfcosh
y = 15inf = sin’9
- 2. Differentiate x and y and set each equal to zero;
-~ dx/d8 =cos'@—sin'0 =cos20=0 = O=n/4,3n/d
- . dy/d8 = 2sinBcosb =sin20=0 . = 0="0,n/2 o
% Therefore the graph has \ertlcaf tangent lines at (¥2/2, m&i) and (212, 315’4)
and horizontal tangent lines at {D D} and {1 T2

11T, Vectur Form (11.1-
A} Definitions .. :
scalar quantities- quantmes charactenzed by a sm,_,le real number
vector- has both magnitude and direction

B) Component Form
- -if v is a vector whose initial point is at the origin and whose terminal
pomt isat <wvi, v>>, then its cummgnent form is v = <vi, v»> - :

Yl Com erting Directed Line Segments to Component Form N
o - if P(p, p2) and Q(qs, q2) are initial and terminal’ pomts Cthen véctor
<V, Y22 = <qi = P, @z — P>

- the magnitude (length} of vis | I v I l \/(Ql-p 1) (qz'p 2)2

D} Vector Addidtion and Scalar Multiplication
u+v= <y -+ v+ v>
= <guy, cu> where ¢ = scalar
-¥ = <V, Ve

E) The Unit Vector
If v is a nonzero v ector, then its unit vector is

o
=T

F) Stadard Unit Vectors
Standard unit vectors can be used to represent any vector



i:'i‘<1,ﬂ> -1 = horizontal component

. 4=<0,1> -j = vertical component
v=vii +vij : '
Example

Find the component form and length of the vector v that has initial point (3, -7) and
terminal point (-2,5)
Solution: _
1. LetP(3, -7) (prp2) and Q(qu, q2) and v= (v, va!
2. viequ-p1=-2-3=-5
V- Qz-pr=3—(-7)=12
Therefore v= (-5, 12
_ 3. OgvaO —'«.'{( -5 +12%) = wlﬁf)— 13

E}:ample e : - : - "

Let u be the vector w1th initial pomt {2 -5} and termmal pomt{ 1, 3) and let v=2i—j. -
‘Write each vector as a linear combination of i and j i
a.u _ b. 2u-3v

Sﬂlutmn ,
a.u=<q;-p.qz- p:,> <-3 8>-— -31 + 8]

b. w=2u— 3y = 2(-3i+ 8]) - 3(2i—j) =-12i - 19j
3. Optimization (3.7) :

I. Critical points :
. A) occur where £°(x) =0 or is undeﬁned )
B) critical points are potential extrema
Note: if f is continuous on [a, b], then f has both a minimum and a -
maximum on the interval.

11 First Derivative Test for Extrema 7
-used to determine if a critical point at X = ¢ is an extrema

1) if £'(x) changes from positive to negative at x = ¢, then c is a relative
(local) maximum

2) if £(x) changes from negative to positive at x = ¢, then ¢ is a relative
(local) minimum

3) if f(x) doesn’t change sign at x =, there is no extrema

III. Optimization
- the process of finding a minimum or a maximum value as a solution to
a problem.



1) Find an equation for the value }ou re trg,mg to optimize (best if it is in
terms of a single variable -

2) Find critical points - =5

3). Use critical points and end pomts (1f applmable} to determme
maximum and/or minimum value(s)

Etample :
Given a piece of sheet metal with identical squares cut out of the four corners,

determine the size of the squares that yields the maximum volume for the box formed by
folding up the sides.
; 1y Draw a Picture
* 2} Set up equations ;
- length={17 - 2x)  width= (11 —2;-;) he’ight'?= X
L V(X)) =4x' - 56x7+ 187x o
" 3) Find critical points: : ' A
V() =12x"-112x+ 187=0 at x=?.156 and 2.178
4) Check critical points with second derivative test:
Vi(x)=24x -112 v"(7.156) = 59.74 v"(2.178) = -59.72.
5) Therefore the maximum volume is achieved at x =2.178

Example 2
Find the length and width of a recagle with a perimeter of 100 meters and a

maximum area.

Solution - :
,1} Set up equation with one vanable _ _ o
A=Itw)  100=21+2w w=50-1 ,
A"'=ﬁ o<1y — A=S0L-T% et
2) Find critical points g i
A'=50-21=0  at 1=25
3) Check critical pomts with second derwatwe test
AH s 2 2 . B
4). Therefore, the maximum area is achieved when the length is 25 meters’
and the width is 25 meters.



oa 4. Rate of Change
sexthook - A, [Def] the speed at which a variable changes over a specific permd of time {answers.com)
S Ch22 _B. [Application] one can use a derivative “to determine the rate of change of one variable with
: respect to another” (Larson 1 13)
C. [Common Usage: Position]
1. the motion of an object moving in a straight line
a. this is usually represented by a horizontal or vertical line
b. up & right is described as the “positive dlrECtlﬂIl”“hll'E down & left is described as the
“negative direction™
c. the function s (position) as a function of ¢ l[t:me} iscalleda posuwn function
d over the period time At the position change of an object is given by As= s(t+At) — s(t), or
rate=distance/time
D. [Example]
i, Find dy/dt when x = 7 for the equation ffx) = x* — 3x +2 given that dv/dt = 4
dy/dt = (2x — 3)(dx/dt) Gwen dtfd: = 4 x=T =
> dy/de = (2*7 - 3)(4) = 44 - cFe
- E.[Applied Contexts] ' -y
s 1 Dlsnfacement of a Falling Object: e '
sft) =Vagt + vyt + 5y » where g is acceleration due to: gamty( -9.8 m/s or -32 fi's on Earth)
ii. Velocity: one can use the derivative of the displacement to crbtam velocity, given b}f‘
§'fth = vit) = gt + v; for instantaneous velocity
As/AL = [s(tHAL) — s(1)])/AL for average velocity (change in d1stancefchange in ttme}
© *Note: speed is the absolute value of velocity '
iii. Acceleration: one can use the derivative of velocity to obtain acceleration
F. |[Example]
Joe throws a ball (straight down) from the top of a 550-foot building with an initial velocity of 17
feet per second.
_1. Find the average vefac:.t} on the interval [1 3]
s =t - 32}t — it + 8g
sft)=-16t"— 17t + 550
s =-16(1F — 17(1)+ 550=517 ft -
- (3)=-16(32—17(3) + 550 =355t -
At=3-1=2 seconds _
Average Velocity = [s(3) —s(1)}/At = (355-517)/2 = -81 fi's
ii. Find the instantaneous velocity whent=2
vy =gt+tvy .
with =-32{2)+ 17 = 47 fi's ' :
iii. Find the time when the ball hits the ground. ~
s(t)=Yaglf + vgt + 5 _
0="14(-32) &+ 17t + 550
t=-5.356, 6.418
Solution: 6.418 seconds
S | 5. Related Rates
taxthiok A. [Def] a physical quantity over time (wolframalpha.com)
Ch26 B. [Application] related rates use the Chain Rule “to find the rate of change of two or more
related variables that are changing with respect to time™ (Larson 149)

C. [The Process] (as taken from Mr. Wagner’s notes)
i. List out the given variables and rates, listed as derivatives, with the values



See
textbook
Ch5.3

ii. Find an equation(s) that relates the different quantities
iii. Differentiate the equation implicitly ,
_iv. Solve for the unknowns and answer the quesnon

D. [Examples] ' -
1. An &8 foot long ladder is i’eamng against a wall. The top of the ladder is sliding down the wall at
the rate of 2 feet per second. How fast is the bottom of the ladder moving along the ground at the
point in time when the bottom of the ladder is 4 feet from the wall?
1] y distance from the top of the ladder to the ground
x = distance from the bottom of the ladder to the wall
dy/dt=-2  Find de/dt when x =4 and y = 4(3"%) (by the Pythagorean Thec}rem]l
[2] £+ =64
[3] 2x dx/dt + 2y dydt =0
Zx de/dt -4y =10
[4] dx/dt = 4y/(2x) = 2(3') ft/sec when x = 4 fr

i, Water is bemg pﬂurecf into a conical reservoir at tﬁe rate af I cub;cﬁzef per secomf The

- reservoir has a radius of 6 feet across the top and a- “height of 12 fee.r At u.ﬁat raté is I.Fae d'epfh of -

the water increasing when the depth is 6 feei?

The volume of the water in the reservoir (V) is given by:

V=1;-‘rr2?z.
: 3
E -Hj’f}!sec: (gwen)
=§ﬁ: (using sil_:nilar triangles)
v =L i
= - -k —
dt 4 dt
dh_4
dr K
% =—ﬂfsec when?z =6 ft.

6. Implicit Differentiation and the Link to an Inverse’s Derivative
A. One can use implicit differentiation to find the derivative of an inverse function. This is
especially useful when y is difficult to solve for.
B. [Steps]

i. Differentiate x with respect to y.

ii. Plug in the given values (if any).

iii. Find the reciprocal of dx/dy in order to get dy/idx.
B. [Example]

Find dy/dx at the given point for the eguation.

x=y -7 +2 (4,1)



- See
textbook
Ch6.1/6.2

dx/dy =

3’ - 14y
dxidy = 3(1)* - 14(1).

Differentiate.
Plug in given values.

~ dx/dy =-11, therefore, dy/dx = -1/11.

1. Differential equations, slope fields and solution curves

1. Definitions

a.

b2

L 1o

Differential equation — An equation 1molv1ng one dependent variable and its dmvatnes
with respect to one more independent variables.
— An equation that involves the derivatives of a function as well as the function itself.
Slope fields —
i. Direction fields for a differential equation.
ii. A graph of short line segments with slopes given by the Merenhal equation.
Each line segment has the same slope as the solution curve through that point.
Solution curve — Curve{s} reprmented b}f the solution of a ﬁrst-order differential
equauon s
Genera] Solutmn -8 famﬂ} of solutmns toa dlfft—:rentlal equanon Thereis one.
solution curve for each value assigned to the arbﬂrarv constant (C)..
ii. Particular Solution — single solution to a differential equation based on initial
conditions. There is only one solution curve. :

Explanation
a.

How to use a slope field - A sIope field shows the general shape of all solutions to a

differential equation. The line segments give a visual perspective of the directions of the -

solutions of the differential equation. _

How to draw a slope field for a differential equation — At each point on the graph, draw a
tiny line segment passing through the point with the slope of the equation at that point.
How to draw selution curves — Start at a point and "follow the flow lines" to come up
with a curve. For a particular solution there will be a single curve while for a general

- solution there will be mﬁmteiv many solution curves (+C). - =

Examp]es
a.

Draw the slope ﬁeld fm‘ thls dlfferentlal equamon d} *dx K.-'

b. Draw the slope field for the differential equation dydx = xy and sketch the solution curve

through the point (0, 1).
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******Go to hitp ."rwww calculusapplets c::rm-'slopeﬁelds html and type ina dlfferentlal e.quatm]] to see
the resultmg sEope ﬁeld produced.

See 8. Euler’s Method to solve differential equations

texthook 1. Definitions

theli | c. Differential equations — An equation that involves the derivatives of a ﬁmctmn as well as
the function itself.

— An expression in which the derivative appears as a variable.

a. Euler’s Method — A numerical approach to a particular solution to a differential equation.
2. Explanation 7
a. When to use Euler’s Method — Use Euler’s method if vou have the derivative of a
- function, but cannot find the mtegal or if you just want to apprommate the v alue of a
-function at a given point. '
b, Euler s, Method isa num{-mcal approach to approumnng the partlmﬂar solutmn

Cof V= F fx ¥ that passes through the point (%0, 2%) . Start with the point ':Iu J’n:' and a

slope of #(X.2% ). From there, %» = %1 +4, Vo = Vaor TR (2, V)
3 Example:
Gide : ek f’ﬁiﬂw s ok 4 o=y
Wor LZis G2 e S ,,4:4;,;
Soe | 9. L’Hospital’s Rule
textbook 1. Definitions ,
Ch 8.7/8.8 a. L’Hospital’s Rule — Suppose that we have one of the following cases,
) X 0 i x +co
lim f( ) — CR. it L ( )

Hg{ ) 0 ’f-nglix) T+



2

v

where a can. he any real number, mﬁmt}f or negative mf’ inity. L’Hospital’s Rule 3ays
that : '

.f (x)_. 1)
e

b. Improper integral — A definite integral that has either or both limits infinite or an
integrand that approaches-infinity at one or more points in the range of integration.

Eti;nlanahon
a. L'Hospital’s RuIe in 3 steps:

f) ; is an mdetennmate form of type E or + E it
g(x) ) 0 o0

is not, then L’Hospital’s Rule cannot be used (unless the limit is rewritten to match the

Step 1. Check that the limit of

S :D ol
form—.or £ —)
i . m

f@)

Step 2. leferentlate fand g separatalj,f i}‘mfe Do not d1fferentlate )
g(x

using the quotient rule!]

Step3 Find the limit o ffii IfthJshmltIsﬁmte + 90, or — oo, then it is
g(x

equal to the limit of % If the limit is an indeterminate form of type

0
- E then t.1mpl1f3,r % algebraically and apph [ Huspﬂal s Rule agam

Examples
x—x—l
Sl
a—l b
x —x— I X _ 1 X
Use L Hopital's Rale o)t T —— 0= lim o = fim =
a—0 i x=0 2x 0 2 2

{}Iunﬂn} —

F—sem



Use L’HOpital’s Rule (three times):

1 B

. =] x
lIim = lim = =+

Xt ]- Xt 6

@) [im¥xmx=0ex
Z 0" ’ : S

: Must be rewritten: = 11]11 s

=077 ’J,;

Now use L Hosp1tal s Rule: = 11]1'[

x—=0"

=lm_——

N
YA

I o
s ton 3(]_11 X} &

= hm

—3x3

hm

D ox—”

X4t ﬁh]:; Pl

b4

=lim(- 3()_ 0.

x—a{f’



